Abstract. Given a real-analytic Riemannian manifold X there is a canonical complex structure, which is compatible with the canonical complex structure on T Ã X and makes the leaves of the Riemannian foliation on TX into holomorphic curves, on its tangent bundle. A Grauert tube over X of radius r, denoted as T r X , is the collection of tangent vectors of X of length less than r equipped with this canonical complex structure.
Introduction
The purpose of this article is to give an a‰rmative answer to the rigidity of Grauert tubes over (compact or non-compact) homogeneous Riemannian spaces. On the way to prove this, we are also able to show that for any real-analytic Riemannian manifold, the identity component of the automorphism group of a Grauert tube is isomorphic to the identity component of the isometry group of the center when it is defined and the radius is not the critical one.
It was observed by Grauert [6] that a real-analytic manifold X could be embedded in a complex manifold as a maximal totally real submanifold. One way to see this is to complexify the transition functions defining X . However, this complexification is not unique. In [7] and [12] , Guillemin-Stenzel and independently Lempert-Szőke encompass certain conditions on the ambient complex structure to make the complexification canonical for a given real-analytic Riemannian manifold. In short, they were looking for a complex structure, on part of the cotangent bundle T Ã X , compatible with the canonical symplectic structure on T Ã X . Equivalently, it is to say that there is a unique complex structure, called the adapted complex structure, on part of the tangent bundle of X making the leaves of the Riemannian foliation on TX into holomorphic curves. The set of tangent vectors of length less than r equipped with the adapted complex structure is called a Grauert tube T r X .
Since the adapted complex structure is constructed canonically associated to the metric g of the Riemannian manifold X , the di¤erentials of the isometries of X are automorphisms of T r X . Conversely, it is interesting to see whether all automorphisms of T r X come from the di¤erentials of the isometries of X or not. When the answer is a‰rmative, we say the Grauert tube is rigid.
With respect to the adapted complex structure, the length square function rðx; vÞ ¼ jvj 2 , v A T x X , is strictly plurisubharmonic. When the center X is compact, the Grauert tube T r X is exhausted by r, hence is a Stein manifold with smooth strictly pseudoconvex boundary when the radius is less than the critical one. In this case, the automorphism group of T r X is a compact Lie group. Base on these, Burns, Burns-Hind ( [1] , [2] ) are able to prove the rigidity for Grauert tubes over compact real-analytic Riemannian manifolds. In [1] , Burns also showed that the rigidity of a Grauert tube is equivalent to the uniqueness of center when the Grauert tube is constructed over a compact manifold.
When X is non-compact nothing particular is known, not even to the general existence of a Grauert tube over X . When it exists, most of the good properties in the compact cases are lacking here since the length square function r is no longer an exhaustion. However, in this article we are able to prove some kind of weak rigidity for general Grauert tubes. That is, we are able to show that Aut 0 ðT r X Þ ¼ Isom 0 ðX Þ when it is defined and r < r max .
By now, there are very few complete non-compact cases we are sure about the existence of Grauert tubes. One kind of them are those over co-compact real-analytic Riemannian manifolds, the Grauert tubes are simply the lifting of the Grauert tubes over their compact quotients. The second kind are Grauert tubes over real-analytic homogeneous Riemannian manifolds. In [10] , Kan and Ma have proved the rigidity of Grauert tubes over (compact or non-compact) symmetric spaces based on the co-compactness of symmetric spaces. Later on, in [9] , the author proves that the uniqueness of such Grauert tubes also holds.
We prove in this article that not only the rigidity but also the uniqueness holds for Grauert tubes over real-analytic homogeneous Riemannian manifolds. The center manifold could be either compact or non-compact. Moreover, it is also true for Grauert tubes constructed over quotient manifolds of a homogeneous Riemannian space. The main result is Theorem 7.6. The condition r < r max is necessary since Grauert tubes over non-compact symmetric spaces of rank one of maximal radius were proved in [3] to be non-rigid.
On the way to this we, omitting the requirement on the tautness, prove a generalized version of the Wong-Rosay theorem on the characterization of ball to any domain in a complex manifold in Theorem 3.1. We also prove in Theorem 5.2 the complete hyperbolicity of Grauert tubes over homogeneous Riemannian manifolds. In Theorem 6.4, a weak version of the rigidity is given for any general Grauert tubes.
The outline of this article is as follows. In §2, the behavior of the Kobayashi metric near C 2 strictly pseudoconvex boundary points is observed. §3 is devoted to the generalized Wong-Rosay theorem. We give a brief review on Grauert tubes and prove one of the key theorem, Theorem 4.1, toward the rigidity in §4. In §5, the complete hyperbolicity of Grauert tubes over homogeneous Riemannian spaces is claimed. §6 is on the discussion of the equality of Aut 0 ðT r X Þ and Isom 0 ðX Þ. In §7, we prove the rigidity IsomðX Þ ¼ AutðT r X Þ and the uniqueness of Grauert tubes.
I would like to thank Kang-Tae Kim for pointing out to me that my previous version of Rosay-Wong theorem might be able to be generalized to such a generality; to Akio Kodama for informing me a mistake in the first draft and to Eric Bedford for showing me how to use the bumping function in the proof of Lemma 2.1.
Estimates of Kobayashi metrics near a strictly pseudoconvex point
For complex manifolds N and M, let HolðN; MÞ be the family of holomorphic mappings from N to M. Let D denote the unit disk in C. The Kobayashi pseudometric on M is defined by
The Kobayashi pseudometric F M is holomorphic decreasing, i.e., if f : N ! M is a holomorphic map, then F M À f ðzÞ; f Ã x Á e F N ðz; xÞ. We also quote the following property (cf. [15] , p. 128, Proposition 2) for later use: if K is a compact subset of M contained in a coordinate polydisk, then there is a constant C K such that F M ðz; xÞ e C K kxk ð2:1Þ for all z A K where kxk ¼ maxjx i j.
Royden [15] has shown that the Kobayashi pseudodistance d
where the infimum is taken over all piecewise C 1 -smooth curves g : ½0; 1 ! M joining the two points z; w A M.
The manifold M is said to be hyperbolic if its Kobayashi pseudodistance is a distance, i.e., d K M ðz; wÞ ¼ 0 implies z ¼ w. The hyperbolicity of a manifold M is equivalent to the following (cf. [15] ): for any x A M there exists a neighborhood U of x and a positive constant c such that F M ðy; xÞ f ckxk for all y A U. In this case the Kobayashi pseudodistance is called the Kobayashi distance of M. It is well known that a bounded domain in C n is hyperbolic. Furthermore, Sibony [16] proved that a complex manifold with a bounded strictly plurisubharmonic function must be hyperbolic. A hyperbolic manifold M is said to be complete hyperbolic if its Kobayashi metric is complete, i.e., if each Cauchy sequence in the Kobayashi metric has a limit or equivalently that any ball of finite radius is relatively compact in M.
In [5] , Graham has observed the boundary behavior of the Kobayashi metric on bounded strictly pseudoconvex domains D H C n . He showed that the boundary is at infinite distance, i.e., lim
He hence concluded that every bounded strictly pseudoconvex domain in C n is complete hyperbolic.
For the rest of this section, we would like to make a similar estimate for C 2 -smooth strictly pseudoconvex boundary points of a domain in a complex manifold. Proof. Without loss of generality, we may assume that there is a neighborhood U of q in M and a coordinate chart F from U onto an open set V H C n such that FðqÞ ¼ 0 and the local defining function r for D at q has the following form:
be a plurisubharmonic function on V . Suitably shrinking the neighborhood U, we see that the function f defined as f ¼f f Á F is a bounded plurisubharmonic function on U which is strictly plurisubharmonic near the point q.
We define a function h on D 0 as following:
It is clear that the domain D 0 and the function h fulfill the requirement in the statement of the lemma. r Applying Lemma 2.1 to [16] , Theorem 3, there exist a neighborhood U of q in D 0 and a positive constant c > 0 such that
By the holomorphic decreasing of the Kobayashi pseudodistance, we have
It was first mentioned by Royden in [15] without proof and was later on proved by Graham in [5] , Lemma 4, p. 234, that if P H G are two complex manifolds (the original requirement on the hyperbolicity of the manifolds could be removed away) then, for z A P, On the other hand, U X D could also be viewed as a bounded domainŨ U in C n with C 2 -smooth strictly pseudoconvex boundary points through the biholomorphic map F. We set E ¼ FðV X DÞ. By (2.4),
An extension of the Wong-Rosay theorem
Historically speaking, Wong proved the biholomorphic equivalence of a bounded strictly pseudoconvex domain with non-compact automorphism group and the unit ball in C n in 1977. Klembeck presented in 1978 a completely di¤erent proof which is much more di¤erential geometric. Then in 1979, Rosay strengthened the theorem to a bounded domain such that there exists a sequence of automorphisms f f j g sending a point p to a smooth strictly pseudoconvex boundary point. Efimov [4] , using Pichuk's rescaling method along with certain estimate on the Kobayashi metric, has extended the above theorem of Rosay to unbounded domains in C n . In an attempt to solve the rigidity for Grauert tubes, the author and Ma [10] also proved an extended version of the Wong-Rosay theorem to certain complete hyperbolic Stein manifolds. In this section we will drop out the requirement on the complete hyperbolicity and prove a version of Wong-Rosay theorem for general domains inside complex manifolds.
Theorem 3.1. Let M be a domain in a complex manifoldM M. Suppose that there exist a point p A M and a sequence of automorphisms f f j g H AutðMÞ such that f j ðpÞ ! q A qM, a C 2 -smooth strictly pseudoconvex point. Then M is biholomorphic to the unit ball.
Proof. Let U be a connected neighborhood of q inM M such that there exists a biholomorphic map F from U to a neighborhood FðUÞ of 0 in C n which maps q to the origin and such that the Kobayashi pseudodistance d K M is a distance in U. Since q is a C 2 -smooth strictly pseudoconvex point, we could choose suitable F and U so that FðUÞ ¼ E is a strictly convex domain in C n and the domain
is strictly pseudoconvex with the defining function
where z ¼ ð 0 z; z n Þ and b j A C. Let
From Lemma 2.2, we see that r j ! y as j ! y. Let
denote the Kobayashi ball of radius r centered at p. Then
Hence,
For any z A M, there exists a neighborhood B K ðp; r j Þ of z and an f j A AutðMÞ sending B K ðp; r j Þ to U X M. It follows from the biholomorphic invariance of F M and (2.3) that
Hence, every point of M is a hyperbolic point, i.e., M is in fact a hyperbolic manifold.
Let z j denote the unique point on L ¼ FðqM X UÞ closest to a j ¼ Fðp j Þ in the Euclidean distance. Let g j denote the composition of the translation that maps z j to 0 and a unitary transformation, taking the tangent plane T z j L to the plane fRe z n ¼ 0g. The mapping g j sends D biholomorphically onto a bounded domain G j with the defining function given by
Since a j lies on the normal to L at z j , the point
By construction, a j ! 0 and hence, z j ! 0 and d j ! 0 as j ! 0. Let F j be the scaling function defined by
and let h j ¼ F j g j . Then h j ða j Þ ¼ ð 0 0; À1Þ and h j maps D biholomorphically to a domain H j H C n with the defining function
The defining functions c j converge, uniformly on compact subsets of H j , to cðwÞ :¼ Re w n þ j 0 wj 2 which is the defining function of the Siegel half-space U, biholomorphically equivalent to the ball. Let
These domains satisfy R n 1 H R n 2 for n 1 < n 2 . Let
Then n j ! 0 as j ! y. Without loss of generality we assume that n j < 1=2.
Consider the maps
By (3.1), each compact subset of M is contained in f À1 j ðU X MÞ for su‰ciently large j. Since the domains R n j are contained in R 1=2 , which is biholomorphic to the unit ball in C n . By Montel's theorem, there exists some subsequence fC j n g converging in the compact open topology to a holomorphic map C : M ! R 1=2 . As n j ! 0 we conclude that CðMÞ H R n for each 0 < n < 1=2, hence C : M ! U is a holomorphic map.
We would like to show that C is actually a biholomorphism. Following the idea of Efimov [4] , we first show that C is a locally one-one map.
Since C j ðpÞ ¼ ð 0 0; À1Þ for every j and H j ! U as j ! y, we may assume that there exists a positive b < 1=2 such that the Euclidean ballB B :¼ B À ð 0 0; À1Þ; b Á is contained in all C j ðK j Þ X U for j su‰ciently large. Since M is hyperbolic, K j , the interior of K j defined at (3.1), is hyperbolic as well. By the hyperbolicity of M, the holomorphic decreasing and the invariance property of a hyperbolic metric, we have Since C j are biholomorphisms, dC j are nowhere zero for every j. The Hurwitz's theorem implies that the limit function dC is either nowhere zero or identically zero. The uniform estimate of (3.2) gives that dCj p 3 0. Hence dC is nowhere zero and C is locally one-one.
We claim that it is in fact globally one-one. Suppose there exist x; y A M such that CðxÞ ¼ CðyÞ ¼ s A U. Then there is a Euclidean ball V ¼ Bðs; lÞ H U and two disjoint neighborhoods V x and V y of x and y in M respectively such that both V x and V y are biholomorphic to V through C. Choose j su‰ciently large so that jC j À Cj < l=2 in V x W V y . The boundary of the connected domain C j ðV x Þ is less than l=2 away from the boundary of V and jC j ðxÞ À sj < l=2. Thus s A C j ðV x Þ. Similarly, s A C j ðV y Þ. That is C j ðV x Þ X C j ðV y Þ 3 j which contradicts to the injectivity of C j .
Hence C is a one-one holomorphic map, M is biholomorphic to its image CðMÞ H U. As U is biholomorphic to the unit ball in C n , we view M Q U CðMÞ as a bounded domain in C n where the Montel's theorem applies.
Consider the map
There exists a subsequence C À1 n j converging to a holomorphic map
From the construction, it is clear thatĈ C is the inverse of C. Hence C is a biholomorphism from M to the ball U. r
General property of Aut(T r X )
Let ðX ; gÞ be a real-analytic Riemannian manifold. The Grauert tube T r X ¼ fðx; vÞ : x A X ; v A T x X ; jvj < rg is the collection of tangent vectors of length less than r equipped with the unique complex structure, the adapted complex structure, which turns each leaves of the Riemannian foliation on T r X nX into holomorphic curves. That is, the map f ðm þ itÞ ¼ tg 0 ðmÞ, m þ it A C, is holomorphic, whenever it is defined, for any geodesic g of X . There is a natural antiholomorphic involution s fixing every point of the center, s : T r X ! T r X ; ðx; vÞ ! ðx; ÀvÞ:
The length square function defined as rðx; vÞ ¼ jvj 2 is strictly plurisubharmonic and satisfies the complex homogeneous Monge-Ampère equation ðdd c rÞ n ¼ 0 on T r X nX . The initial condition for r is that r ij j X ¼ ð1=2Þg ij . We usually called the set ðT r X ; X ; g; rÞ a Monge-Ampè re model; X the center and r the radius.
For each real-analytic Riemannian manifold, there exists an r max ðX Þ f 0, maximal radius, such that the adapted complex structure is well-defined on T r max X whereas it blows up on T s X for any s > r max . When the center manifold X is compact, it is clear that r max ðX Þ > 0 since we could always paste the locally defined adapted complex structure toKan, Grauert tubes gether. For non-compact X , it is very likely that the maximal possible radius degenerates to zero. However, when ðX ; gÞ is homogeneous the corresponding r max ðX Þ is always positive. The same holds for co-compact X . The Kähler manifold T r X is a submanifold of T r max X for any r < r max ðX Þ.
It is clear from the construction of Grauert tubes that the di¤erential of an isometry of ðX ; gÞ is actually an automorphism of T r X , i.e., IsomðX Þ H AutðT r X Þ. We ask whether the converse holds or not.
If IsomðX Þ ¼ AutðT r X Þ, i.e., every automorphism comes from the di¤erential of an isometry of X , we say the Grauert tube T r X has the rigidity property. In the compact case, this is equivalent to the uniqueness of center: there is no other Riemannian manifold ðY ; hÞ such that the complex manifold T r X is represented as T r Y , a Grauert tube over Y .
When the center X is compact, the rigidity of Grauert tubes has been completely solved by Burns-Hind in [2] . They prove that AutðT r X Þ ¼ IsomðX Þ for any compact realanalytic Riemannian manifold X of any r e r max ðX Þ. For the non-compact centers, the only result obtained so far is contained in [8] , [9] and [10] . The authors prove the rigidity statement for Grauert tubes T r X over any symmetric space X of r < r max ðX Þ provided that T r X is not covered by the ball.
In the compact case, one of the key observation toward the rigidity of Grauert tubes is the following: an automorphism f of the Grauert tube T r X comes from the di¤erential of an isometry of the Riemannian manifold ðX ; gÞ if and only if f keeps the center X invariant, i.e., f ðX Þ ¼ X . We will show in the following theorem that Grauert tubes over non-compact centers share the same property. Proof. One direction is clear. Suppose f ðX Þ ¼ X . We denote the Monge-Ampère model over ðX ; gÞ as ðW; X ; g; rÞ which means W ¼ T r X is the Grauert tube over X of radius r; r is a non-negative strictly plurisubharmonic function satisfying the homogeneous complex Monge-Ampère equation on WnX ; the zero set of r is exactly X and ðg ij Þ ¼ 2ðr ij j X Þ is the Riemannian metric on X induced from the Kähler form iqqr. The automorphism f maps the Monge-Ampère model ðW; X ; g; rÞ onto the Monge-Ampère model ðW; X ; k; r Á f À1 Þ where k is the Riemannian metric on X induced from the Kähler form iqqðr Á f À1 Þ. That is to say that W is a Grauert tube of radius r over the Riemannian manifold ðX ; kÞ as well. Let u ¼ f j X : ðX ; gÞ ! ðX ; kÞ be the restriction of f to X . The map u is an isometry from ðX ; gÞ to ðX ; kÞ. Actually, it is an isometry of ðX ; gÞ since the Grauert tube W ¼ T r ðX ; gÞ ¼ T r ðX ; kÞ is the collection of tangent vectors of X of length less than r under both metrics g and k. This forces the metric k to be equal to the metric g.
Hence u A IsomðX ; gÞ and du A AutðWÞ. The automorphism du Á f À1 of W is the identity on a maximal totally real submanifold X . Therefore f ¼ du on the whole W. r It is in general easier to deal with simply-connected manifolds. We will assume all of the manifolds X are simply-connected for proofs in Section 7. Before making this assumption, we claim that it won't do any hurt for the general situations. Notice that for any given X , we could always lift it to its universal coveringX X which is simply-connected. Let's denote the Grauert tube T r X as W. Then the Grauert tube T rX X ¼W W is the universal covering of W. We have the following relation on the rigidity ofW W and W.
Lemma 4.2. Let X ;X X ; W andW W be as above. Suppose there is a unique Grauert tube representation forW W, then there is a unique Grauert tube representation for W.
Notice that the universal covering of a homogeneous Riemannian manifold is homogeneous (cf. [17] , Theorem 2.4.17). Hence the rigidity of Grauert tubes over homogeneous Riemannian spaces automatically holds once we prove it for simply-connected homogeneous Riemannian spaces.
The complete hyperbolicity of T r X
It was proved by Sibony in [16] , Theorem 3, that a complex manifold admitting a bounded strictly plurisubharmonic function is hyperbolic. This implies that every Grauert tube of finite radius is a hyperbolic manifold. When the center is compact and the radius r < r max , the Grauert tube T r X is a strictly pseudoconvex domain sitting inside the Stein manifold T r max X and hence is complete hyperbolic. There is no such generality for noncompact cases. So far, the only known characterization is over co-compact manifolds.
When X is co-compact, i.e., X =G is compact for some G H IsomðX Þ, the Grauert tube T r X is simply the universal covering of T r ðX =GÞ and hence is completely hyperbolic in case r < r max . We will show in this section that a Grauert tube constructed over a homogeneous Riemannian manifold of radius less than the maximal is complete hyperbolic.
A sequence f j A HolðN; W Þ is said to be compactly divergent if for each compact subset K H N and each compact K 0 H W there is a j 0 ¼ j 0 ðK; K 0 Þ such that the set f j ðKÞ X K 0 is empty for each j f j 0 . A complex manifold W is said to be taut if each sequence in HolðN; W Þ contains a subsequence that either converges to an element of HolðN; W Þ in the compact open topology, or diverges compactly. It is known that a complete hyperbolic manifold is taut and a taut manifold is hyperbolic.
A Riemannian manifold is said to be homogeneous if its isometry group acts transitively on it. It is a classical result that a Riemannian manifold ðX ; gÞ is complete if and only if every bounded subset is relatively compact in X . Let d denote the distance for the metric g in X and Bðx; rÞ ¼ fy A X : dðx; yÞ < rg denote the ball of radius r centered at x A X . Lemma 5.1. Let X be a non-compact homogeneous Riemannian manifold, x A X . Then for any R > 0 there exist y A X such that dðx; yÞ > R.
Proof. Suppose there exist a x A X and an R > 0 such that dðx; yÞ < R for all y A X . Then X H Bðx; RÞ. Since Bðx; RÞ is a bounded subset of X ; it is relatively compact in X . Thus, Bðx; RÞ is a compact subset of X and Bðx; RÞ H X H Bðx; RÞ which implies that X ¼ Bðx; RÞ ¼ Bðx; RÞ is compact, a contradiction. r Let W ¼ T r X be a Grauert tube of r < r max and let d K denote the Kobayashi distance on W. The boundary of W contains two parts. The first part is consisted of smooth strictly pseudoconvex points fðx; vÞ : v A T x X ; jvj ¼ rg. The second part comes from the boundary of the Riemannian manifold X ; it is the set fðx; vÞ : v A T x X ; jvj < r; x A B C ðp; RÞ; p A X ; ER > 0g:
From Lemma 2.2 we know that for any p A W, d K ðp; qÞ ! y as q approaches a smooth strictly pseudoconvex boundary point. A metric is complete means that every bounded subset is relatively compact. To show the complete hyperbolicity of W, it is therefore su‰cient to show that dðp; yÞ ! y as y goes to the boundary of X . Theorem 5.2. Let X be a homogeneous Riemannian manifold, W ¼ T r X be a Grauert tube of r < r max . Then W is complete hyperbolic.
Proof. The statement is clear for compact X by the existence of a strictly plurisubharmonic exhaustion function. We shall prove the non-compact case.
For p A X , let Sðp; nÞ ¼ fx A X : dðp; xÞ ¼ ng be the n-sphere in X around p. By Lemma 5.1, Sðp; nÞ 3 j for all n A N. Picking a point p 2 A Sðp; 2Þ, there exists a unique minimal geodesic g 2 ðtÞ, parametrized by the arclength, joining p to p 2 . The geodesic g 2 ðtÞ also serves as the minimal geodesic for any two points g 2 ðaÞ and g 2 ðbÞ, 0 e a e b e 2. Then p 1 :¼ g 2 ð1Þ A Sðp; 1Þ and dðp 1 ; p 2 Þ ¼ 1. Let
Since p 1 A Sðp; 1Þ, it follows that
Since X is homogeneous, there exist g j A IsomðX Þ such that
This implies that g 1 ðp 2 Þ A Sðp; 1Þ and therefore
As the Kobayashi distance is biholomorphically invariant and g j A IsomðX Þ H AutðWÞ, we have It was already shown in Lemma 2.2 that if q goes to a smooth strictly pseudoconvexTheorem 6.4. Let X be a real-analytic Riemannian manifold such that r max ðX Þ > 0. Then Aut 0 ðT r X Þ ¼ Isom 0 ðX Þ for any r < r max provided that T r X is not covered by the ball.
Proof. There exist a neighborhood V of 0 inĜ G and a neighborhood U of id inĜ G 0 such that the exponential map is a di¤eomorphism from V to U. That is, for every f A U, there exists an x A V such that f ¼ exp x. By Lemma 6.3, f ðX Þ H X . As X is a closed submanifold and f is a di¤eomorphism of T r X , f ðX Þ is then a closed submanifold of the connected manifold X of the same dimension, which implies that f ðX Þ ¼ X .
By Theorem 4.1, f A I 0 . Hence U H I 0 HĜ G 0 and we conclude that the manifolds I 0 andĜ G 0 have the same dimension. Since I 0 is a Lie subgroup ofĜ G 0 , I 0 is a closed submanifold ofĜ G 0 , therefore I 0 ¼Ĝ G 0 . On the other hand, it is clear from the definition ofĜ G that
The rigidity of Grauert tubes over homogeneous centers
For compact X , Burns-Hind [2] have proved that the isometry group IsomðX Þ of X is isomorphic to the automorphism group AutðT r X Þ of the Grauert tube for any radius r e r max . Burns [1] also proved that this isomorphism is equivalent to the uniqueness of the center.
For the non-compact cases, the only known rigid Grauert tubes are Grauert tubes constructed over locally symmetric spaces of r < r max in [10] provided that the Grauert tubes are not covered by the ball. In [9] , the author further proved that the uniqueness of the center also holds for the above non-compact cases.
We will prove in this section that not only the rigidity but also the uniqueness holds for Grauert tubes over non-compact homogeneous Riemannian manifolds of r < r max ; the only exception occurs when the Grauert tube is biholomorphic to the ball. It was proved by the author in [8] that T r X is biholomorphic to B n H C n if and only if X is the real hyperbolic space H n of curvature À1 and the radius r ¼ p=4. (The Monge-Ampère solution r in this article is half of the r in [8] , hence the radius changes.) Apparently, the automorphism group of B n is much larger than the isometry group of H n .
We assume in this section that X is a simply-connected Riemannian homogeneous space and W ¼ T r X is the Grauert tube over X of radius r. Recall that a Riemannian manifold X is homogeneous if the isometry group acts transitively on X . Denote I ¼ IsomðX Þ and G ¼ AutðT r X Þ; I 0 and G 0 the corresponding identity components. Notice that the homogeneity immediately implies that the X ¼ I 0 ðpÞ for any p A X .
For any given f A G, the set Y ¼ f ðX Þ equipped with the push-forward metric coming from X is a homogeneous center of the Grauert tube W. We claim that Y crosses through every fiber T r p X . Proof. Since X is a connected homogeneous space, the fact that I 0 ¼ G 0 is a normal subgroup of G would imply that for any p A X , we have Proposition 7.3. Let ðY ; tÞ be a homogeneous center of W and let k be the least positive integer such that ðs Á tÞ k A I . Then k is odd and ðs Á tÞ k ¼ id.
Proof. Since the index of I in G is finite there exists the least integer k with ðs Á tÞ k A I . Write ðs Á tÞ k ¼ du for some u A I. By (7.2),
is an anti-holomorphic involution in W with fixed point set Z where Z ¼ t Á ðs Á tÞ Then f j ðxÞ ! x; r jvj v , a smooth strictly pseudoconvex boundary point of W, as j ! y.
By Theorem 3.1, W is then biholomorphic to the ball, a contradiction. Therefore Z ¼ X , s Á du ¼ s and hence du ¼ ðs Á tÞ k ¼ id.
Suppose k ¼ 2l is even. By (7.2), s ¼ ðs Á tÞ l Á s Á ðs Á tÞ Àl . Thus, s Á ðs Á tÞ l ¼ ðs Á tÞ l Á s:
The n-dimensional closed submanifold ðs Á tÞ l ðX Þ is the fixed point set of the antiholomorphic involution s. By the uniqueness of the fixed point set, ðs Á tÞ l ðX Þ ¼ X . By Theorem 4.1, ðs Á tÞ l A I which is a contradiction since l < k. r
We also prove a proposition similar to [1] , Theorem 2bis. Thus, f ðX Þ is the fixed point set of t, i.e., f ðX Þ ¼ Y .
Kan, Grauert tubes
Since G=I has finite index h, there exists fg j A Gg some F A G. Since c is G-invariant, every point of Y is a critical point of c. Therefore, Y H X . We conclude that X ¼ Y and IsomðX Þ ¼ AutðWÞ is proved following from Lemma 7.5.
We then prove that there is exactly one center in W. Suppose there is a nonhomogeneous center W of the Grauert tube W. This W has to be connected and dim W ¼ dim X . By the homogeneity of X , the left hand side is a closed submanifold of dimension f n. Therefore, Isom 0 ðW Þ Á ðx; vÞ is a closed submanifold of dimension n in W . As W is connected, we conclude that W ¼ Isom 0 ðW Þ Á ðx; vÞ and hence W is homogeneous, a contradiction. r
Remark.
(1) Since every symmetric space is homogeneous, results in this article cover those in [9] and [10] .
(2) It was shown in [3] that Grauert tubes over non-compact symmetric spaces of rank one of the maximal radius are not rigid.
